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Let G be a finite group and 3 be a p-block of G with an abelian defect group and 
inertial index 2 or 3. In this paper we determine some generalized decomposition 
numbers of the block B. 0 1989 Academic Press, Inc. 
Let G be a finite group and p a fixed prime number. Let B be a p-block 
of G with a defect group D. Let Z(B) be the number of irreducible Brauer 
characters in B and k(B) the number of irreducible ordinary characters in 
B. In case D is abelian with inertial index e- 2 or 3 and p $12, we 
determined I(B) (= e) and k(B) in [4]. In this paper combining the results in 
[43 with a property of a p-rational irreducible character, we determine some 
generalized decomposition numbers of B in that case. We use the same 
notations as those in [4 3. In particular, let K be the algebraic closure of the 
p-adic number field, and 9p the maximal ideal of the valuation ring of K. 
First we list the results in [4]. Assume that D is abehan and let b be a 
root of B in C,(D). Set N&D, b)/C,(rZ)=E, D, = C,(E), and 
D,= [E,D] so that ft=D,xD,. For any generalized character q of 
the semidirect product D x E and any B-Brauer pair (Q, f) such that 
(Q, f)” c (D, b) for some x E G, we define a generalized character qce,r, of 
Q mapping u E Q on q(u”). 
PROPOSITION 1.1 (Proposition 1.2 in [4] ). Suppose p # 2 and D2 x E is 
a Frobenius group. Let (Q, f) be a B-Brauer pair andfor some x g G suppose 
(Q, f)X~ (0, b) and Q” d D,. Then Qx d D, does not depend on the choice 
ofx nndf is a block with abeiian defect group D”-’ and inertial index 1. Let 
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4 (o,/, be the unique irreducible Brauer character in f Then there is 
c(Q, f) E { 1, - 1) such that 
IG(Q) : D”-‘I +Q f) IcG(D) IDI f 0 
hQ,f,(') ' hkh)(l) 
(mod y), (1.1) 
and this does not depend on the choice of x. 
We will write 4~~ 81, v(~,~), 4(u g) instead of4(U), g), v((~),~)~ 4((u).g)y 
respectively. Let f K(D x E, D1) be the ring of generalized characters of 
D YJ E vanishing outside of D -D,. 
THEOREM 1.2 (Theorem 1.3 in [4]). Let B be a p-block of a finite group 
G with an abelian defect group D and b a root of B in C,(D). Set 
N,(D, b)/C,(D) = E, D, = C,(E), and D, = [E, D]. Suppose p 22 and 
D,>a E is a Frobenius group. For any n E rK(D M E, D,), define the class 
function A(n) on G by the formula 
where u is a p-element in G, s is a PI-element in C,(u), and g runs over the 
set of blocks of C,(u) such that (u, g) is a B-Brauer element satisfying 
(u, g)” E (D, b) and ux $ D, for some x E G. When there exists no such g, we 
mean that the right-hand side is 0. Then 
(i) The class function A(n) is a generalized character of G in B for 
any n E r,( D xl E, D, ). 
(ii) The Z-linear map A: T,(DM E, 0,) + rk(G, B) is an isometry, 
where rk(G, B) is the group of generalized characters of G in B. 
THEOREM 1.3 (Main theorem in [4]). Under the same assumption and 
notation as Theorem 1.2, tf 1 El = 2 or 3 (i.e., inertial index of B is 2 or 3) and 
p # 2, then there is an isometry A’ from the ring of generalized characters of 
D M E onto the group of generalized characters of G in B, which extends A 
in Theorem 1.3. Furthermore setting F= D,M E and denoting by xc the 
irreducible character in B determined by A’([) for any [ E Irr(F), we have 
A’(tn) = &C~f, * 1 and A’(@) = ~2~ * I. 
for any 5 E Irr(E), any [E Irr(F) - Irr(E), and any A E Irr(D,), with suitable 
signs E and {eg}rElrr(Ej. In particular, 
(i) Irr(B)={Xr*ll[EIrr(F),A.EIrr(D,)}. 
(ii) I(B)=JEl and k(B)=k(DxlE)=k(F)jD,I, where k(DxE) 
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(resp. k(F)) is the number of irreducible ordinary characters of I) >a E 
(resp. F). 
(iii) ~t’,~) = E &EIrr(E) Et;XF*B)for any i E Irr(F) - Irr(E). 
Our result in this paper is as follows. 
THEOREM 1.4. Under the same assumption and notation as Theorem 1.3 
{xe I< E Irr(E)) u (xc 1 [E Irr(F) - Irr(E), 5 is p-rational) is the set of all the 
p-rational irreducible characters in B and we have the following generalized 
decomposition numbers Jar any u E D - D, and (u, g) E (0, b) : 
for any <E Irr(E) 
,for any 5 E In(F) - Irr( E). 
We note that when G is p-solvable, or B is principal, or ID,) 6 p*, 
Watanabe already proved the same result (cf. Corollary in [6], Theorem 1 
and Theorem 2 in [S]). 
2. PROOF 
We assume that D is abelian and that e = IEf = 2 or 3 and p # 2. First we 
must introduce some notations. For a group H let pH be the character of 
the regular representation of H. Let “;B be the Galois group of 
Q(wo’)/Q(w’), where w (resp. 0’) is a primitive IGl,th (resp. IGl,,th) root 
of unity and ICI, (resp. ICI,,) means the p-part (resp. the p’-part) of the 
order of G. If (u, g) is a B-Brauer element and (u, g) E (D, b), then g is 
uniquely determined by u and (D, b). Let Y be a complete set of 
representatives of E-conjugacy classes of D. Then 
7 = (B-Brauer elements (u, g) 1 (u, g) E (D, b), u E 9’ f 
is a complete set of representatives of G-conjugacy classes of B-Brauer 
elements by Lemma 2.2 in [4]. Set T= Irr(F) - Irr(E) and t = ITI. 
To determine all the p-rational irreducible characters in B, we wili apply 
Brauer’s permutation lemma (Lemma 1 and Theorem 12 in [l] ). In par- 
ticular, we will use the fact that the numbers of fixed points on Irr(B) and 
on the columns of the generalized decomposition matrix of B, under the 
action of 9, are the same. We may assume that each column of such matrix 
is associated with some B-Brauer element in Y. Furthermore, a unique 
column is associated with each (u, g) in Y, if u$ D,, since such g has a 
unique irreducible Brauer character. We remark that .4( (pE- i)A) does not 
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contain any p-rational irreducible character for nontrivial linear character I
of D, and therefore that any p-rational irreducible character in B is in 
9= (XCIIEIrr(F)}. 
FROP~SITION 2.1. The set of all the p-rational irreducible characters in B 
is 
{xi,ISEIrr(E)}u(X,liET,i isp-rational). 
Proof We remark that the columns of the generalized decomposition 
matrix of B which are fixed by Y are of course among the columns 
associated with the B-Brauer elements (u, g) in Y such that u ED,. If t = 1, 
then e = 2, 1 D21 = 3, and those fixed columns amount to Z(B) + 1. Thus 9 
is the set of all the p-rational characters in B in case t = 1 by Brauer’s 
permutation lemma. 
Suppose t > 2. First we claim that xi is p-rational if and only if i is 
p-rational for any [E T. Since 
4i - 5’) = 4X[ - Xr,h 
we have for any a E Y, 
A([“- 5’“) = E((X[Y- (Xi,)“). 
On the other hand, 
Ll(cy - (‘“) = &(Xro - aide). 
Thus we have xc = (xi)” and the claim holds. 
Let c be the number of the fixed columns by 9 which are associated with 
the B-Brauer elements (u, g) in Y such that u E D2 - { 1 }. Next we claim 
that c is equal to the number of p-rational characters in T. Brauer’s per- 
mutation lemma also guarantees that the number of the conjugacy classes 
of F fixed by Q is equal to the number of irreducible characters of F fixed 
by 9. In particular, the number of the nontrivial p-conjugacy classes of F 
which are fixed by 9 is equal to the number of irreducible characters in T 
which are fixed by Q. Note that the map sending the unique column 
associated with any B-Brauer element (u, g) in Y such that u E D2 - { 1 } to 
the conjugacy class of F containing u defines a one to one correspondence 
between the columns associated with the B-Brauer elements (u, g) in Y 
such that u E D, - { 1 } and the nontrivial p-conjugacy classes of F. Further- 
more, such a column is fixed by C!? if and only if the corresponding con- 
jugacy class of F is fixed by ‘9. Hence the second claim holds. 
By Brauer’s permutation lemma the number of p-rational irreducible 
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characters in B is equal to I(B) + c = e + c, since there are exactly I(B) 
columns associated with (1, B) and they are all fixed by 9. Now 
e + c = e + (the number of p-rational characters in T) 
= e + (the number of p-rational characters in ( xr I[ E T } ) 
by the two claims. Hence the statement holds. 1 
Before we prove the remaining result, we must state some preliminary 
results. Let x be an irreducible ordinary character in B. First we recall a 
general property of a major B-Brauer element (u, g) (Brauer (4C) in [2]) 
pqu) # 0. (2.1) 
In particular, 
4L UT 4(u. g,) # 0 for any UE D - D, and (u, g) E (D, b), (2.2) 
where d(u,gJ is the unique irreducible Brauer character in g (cf. 
Proposition 1.1). For any (u, g) E (D, b) set 
,y = (pa), x(~,g))c~ 
Then, IDI rn?) is an algebraic integer (in general) by Theorem 9.4 in 
Chapter V in [3]. Therefore by (2.1) 
PI m, (u) E z+ y if u E D and x is p - rational, 
where Z+ denotes the natural numbers. Note that 
(2.3) 
PI m$‘)= 14~~ u, &,J2 for any u E D - D, and any (u, g) E (D, b). (2.4) 
Fix u E D - D, and assume that (u, g) E (D, b). From the decomposition 
of A@,-[) for any CE T, we obtain by Theorem 1.2 and Theorem 1.3 
E 
i 
C @(xc, u, $(u,g,) - ~(4 g)(e - i(u)) = d(x~, 4 h,d (2.5) 
5 E In(E) I 
and clearly we have 
4x * 29 u, 4(u,g,) =4X, u, 4(u,g,) l(u) 
for any XEIrr(B) and any IEIrr(D,). (2.6) 
By the orthogonality relations between generalized decomposition num- 
bers, 
C 4x, u, 4(,, g,) 4x, ~5 &u, g,) = IDI, 
x E In(B) 
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and since A(u) L(u) = 1 we have by (2.6) 
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(2.7) 
Now set 
a=& C Q~x~, u~4(u,,))-4~~ g)e (cf. Proposition 2.1). 
5 E In(E) 
(2.8) 
Then by (2.5), for any 5 E T we have 
4Xc, 4 4(u,g,) =a + 4% g) i(u). (2.9) 
But if u = u1 u2 where u1 ED, and u2 ED,, then u2 # 1. So since c(u) = c(u,), 
we have 
O=PF(U2)=e+e 1 i(u), 
CeT 
and therefore 
1 l(u)= -1. 
SET 
Hence by (2.9) 
where the last inequality is obvious if t > 2, since a E Z and 
tu* - 2us&(u, g) Z 0. If t = 1 and this inequality does not hold, then 
a = EE(U, g) and by (2.9) 
which contradicts (2.2). 
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LEMMA 2.2. rf u E D - D, and (u, g) E (D, b), then for any 5 E Irr(E) 
and the equality holds in (2.10). 
Proof: By (2.3) and (2.4) for any t~Irr(E) 
and therefore from (2.7) and (2.10) we obtain 
On the other hand, by the orthogonality relations between irreducible 
characters of F we have 
e + 1 C(u) C(u) = I CAdI = IDA, 
iCT 
where u=u1u2, u,ED~, and u2 E D2 - { 1 }. Then the equalities hold in 
(2.11) and in (2.10). Hence the assertion holds. 1 
By the last assertion of Lemma 2.2 we have ta* - 2ass(u, g) = 0. We will 
show that a = 0. Suppose a #O. Then a = ~EE(U, g)/t and therefore 
a = EE(U, g) or ~EE(U, g), since a E Z. Then by (2.8) 
1 Ecd(Xe,u,~,,,,)=(e+l)&(U,g) or (e + 2) d4 g). 
5 E h(E) 
Since the left-hand side is at least -e and at most e by Lemma 2.2, this is a 
contradiction. Hence a = 0 and the remaining result in Theorem 1.4 follows 
from (2.8) and (2.9). 
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